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Abstract. In this paper we study some properties of the fermionic p-adic 
integrals on Z p arising from the umbral calculus. 



1. Introduction 

Let p be a fixed odd prime number. Throughout this paper Z p ,Q p and C p 
denote the ring of p-adic rational integers, the field of p-adic rational numbers 
and the completion of the algebraic closure of Q p , respectively. Let N be the set of 
natural numbers and Z + = NU{0}. Let C(Z p ) be the space of continuous functions 
on Z p . For / S C(Z p ), the fermionic p-adic integral on Z p is defined by 

f p n -i 

/ f(x)dn- 1 (x) = lim V* f(x)fi-i(x + p N Z p ) 

in? TV— >00 * ' 

(1) 

^ ' P N -1 

= lim /(^(-i)". ( see I 1 ' 2 ' 11 ])- 

N— >oo z — » 

For n G N, we have 

« « n— 1 

(2) / + + / /(x)^_ 1 (x)=2^(-l)"- 1 -'/(0- 
In the special case, n = 1, we note that 

(3) / f(x + l)dn-i(x)+ f f(x)dfi-t(x) = 2f(0), (see [11]). 
Let J 7 be the set of all formal power series in the variable t over C p with 

oo 

Let P = C p [x] and let P* denote the vector space of all linear functionals on P. The 
formal power series 

oo 

(4) /(*) = E e F. 

defines a linear functional on P by setting 

(5) (f(t)\x n ) = a n for all n > 0, (see [ 7,14]). 

l 
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Thus, by (4) and (5), we get 

(6) (t k \x n ) = n\6 n>k , (n, k > 0), 

where 6 n ,k is the Kronecker symbol (see [7,14]). Here, T denotes both the algebra 
of formal power series in t and the vector space of all linear functionals on P, and so 
an element f(t) of T will be thought of as both a formal power series and a linear 
functional. We shall call J- the umbral algebra. The umbral calculus is the study 
of umbral algebra (see [7,14]). 

The order 0(f(t)) of power series f(t)(^= 0) is the smallest integer k for which 
docs not vanish (sec [7,4]). The series f(t) has a multiplicative inverse, denoted 
by /(i) _1 or ypy; if and only if 0(f(t)) = 0. Such scries is called an invertible 
series. A series f(t) for which 0(f(t)) = 1 is called a delta series (see [7,14]). For 
f(t), g(t) G T, we have (f(t)g(t)\p(x)) = (f(t)\g(t)p(x)) = (g(t)\f(t)p(x)). By (6), 
we get 

(7) (e«\x n ) = y n , (e yt \p(x)) = p(y), (sec [ 7,14]). 
Let f(t) G J ' . Then we note that 

k=0 

and 

(9) p(x) = J2 &£$- x k , for p(x) G P, (sec [14]). 

k=0 

Let /i(t), f 2 (t), • • • , f m (t) G T. It is known in [7,14] that 

(10) (fl(t)---fm(t)\x n ) = J2(, 71 . )(/l(t)|^}-..(/ m (i)|^}, 

where the sum is over all nonnegative integers ii, • • • , i m such that i\ + z 2 + • • • + 
= n (see [7,14]). 
By (9), we get 

(11) z=fc 



Thus, from (11), we have 

(12) p^(0) = (t k \p(x)) = (l\p^(x)), 

and 

(«) t fc p( !C )=p( fc )( a; ) = ^^ (sec [7,14]). 

From (13), we note that 

(14) e^ar) = p(» + y) (see [7,14]). 

In this paper, s n (x) denotes a polynomial of degree n. Let us assume that f(t), g(t) G 
T with o(f(t)) = 1 and o(g(t)) — 1. Then there exists a unique sequence s n (x) 
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of polynomials satisfying (g(t)f(t) k \s n (x)) = n\5 n> k for all n, k > 0. The se- 
quence s n (x) is called the Sheffer sequence for (g(t), f(t)), which is denoted by 
s n (x) ~ (g(t), f(t)). If s n (x) ~ (g(t), i), then s n (x) is called the Appell sequence 
for g(t) (see [7,14]). 

Let p(x) 6 P. Then we note that 

(15) (f(t)\xp(x)) = (d t f(t)\p(x)) = (f'(t)\p(x)), 
and 

(16) (e^ - l\p(x)) = p(y) - p(0), (sec [7,14]). 
Let us assume that s n (x) ~ (g(i), /(£))• Then we have 

(h(t)\a k (x)) _ MtMk 



oo 

(17) ft(t) = E wt; fe* w/ g(f)/(t)fc - h{t)e:F ' 

k=0 



fe=o K ' 

(19) _^e*> = g^, forall , 6Cp , 

where f(t) is the compositional inverse of f(t), and 

(20) f(t)s n (x) =ns n - 1 (x), (see [7,14]). 

As is well known, the Euler polynomials are defined by the generating function to 
be 

(21) -^e* = ^ = £ i?„(x)-, (see [1-19]), 

n=0 

with the usual convention about replacing E n (x) by E n (x). In the special case, 
x = 0, E n (0) = E n are called the n-th Euler numbers 

Let s n {x) ~ (g(i), £). Then Appell identity is known to be 

(22) s n {x + y) = J2 ( n k )sn-k{x)y k = £ (jsiW/" 1 . 

From (21), we note that the recurrence relation of the Euler numbers is given by 

(23) Eo = l, {E + 1)™ + E n = E n {\) + E n = 25 , n . 
By (1) and (21), we get 

(24) / (x + y) n dn- 1 {y) = E n (x), I x n d^ 1 (y) = E n , 

where n > (see [1,11,16]). 

Recently, R. Dere and Y. Simsek have studied applications of umbral algebra to 
some special polynomials (see [7]). In this paper we study some properties of the 
fermionic p-adic integrals on Z p arising from the umbral calculus. 
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(28) E n+1 (x) = (x- ^-)E n (x), (n > 0). 



(29) 



„xt 



2. UMBRAL CALCULUS AND FERMIONIC p-ADIC INTEGRALS ON Z p 

Let s n {x) ~ (g(t), t). Then, by (19), we get 

(25) ~~ rr x " = Sn ( x ) ^ anc ^ on iy ^ x ™ = s(*) s «( x )- 

Let us assume that g(t) = Then we note that g(t) is an invertible functional. 

By (21), we get 

i 00 4-k 

(20) Wf = ^ E ^ 

Thus, from (26), we have 

(27) = £„(a;), tE n {x) = ^j^ 1 = nE n ^{x). 

By (19), (20) and (27), we see that E n (x) is an Appell sequence for g(t) = 
It is easy to show that 

g(t) 

From (2), (21) and (24), we note that 

I e (WD*d /i _ 1 (y)+ [ e ^ t dfi- 1 (y) = 2e x 

Thus, by (29), we get 

(30) / (x + y+l) n dn- 1 (y)+ ( (x + y) n d f i_ 1 (y) = 2x n . 
Jz p Jz p 

From (24) and (30), we have 

(31) E n (x + l) + E n (x) =2x n , (n>0). 
By (28), we see that 

(32) g(t)E n+1 (x) = g(t)xE n (x) - g'(t)E n (x), (n > 0). 
Thus, we have 

(33) (e* + l)E n+1 {x) = (e* + l)xE n (x) - e*E n (x). 
By (33), we get 

(34) E n+l (x + 1) + E n+1 (x) = (x + l)E n (x + 1) + xE n (x) - E n (x + 1). 
Thus, from (34) and (31), we have 

(35) E n+1 (x + 1) + E n+1 (x) = x(E n (x + 1) + E n {x)). 
By (35), we get 

E n (x + 1) + E n {x) = x(E n ^(x + 1) + E n -!(x)) = x 2 (E n _ 2 (x + 1) + E n _ 2 {x)) 
= ■■■= x n (E (x + 1) + E (x)) = 2x n . 
Let us consider the functional f(t) such that 

(36) (f(t)\p(x)} = / p{u)dn-i{u), 
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for all polynomials p(x). It can be determined from (8) to be 

(37) /(*) = £ M^t* = £ / = / c Ut d»-i(u). 
By (29) and (37), we get 

(38) /(*)= / e^W—. 

Jz p e + i 

Therefore, by (38), we obtain the following theorem. 
Theorem 2.1. For p(x) G P, we have 

(f e^-i(2/)Mz)} = / p(«)dM-i(«)- 

TTiai is, 



2 

V~+ 1 

ylko, f/ie n-th Euler number is given by 



(zftt\p( x )) = I P(u)dfJ,-i(u). 



E n = ([ e^d^{y)\x n ). 



By (3) and (30), we get 
(39) E / (x + y)"^_ 1 (y)-= / e^+^d^y) = £ / e^^x"-. 
From (24) and (39), we have 

2 „ 



(40) M«)= / e yt d M _i(y)x r ' 



e* + l 



where n > 0. 

Therefore, by (40), we obtain the following theorem. 
Theorem 2.2. For p(x) 6 P, we /iGroe 

/ P{x + y)dii-i{y) = I e yt ^_i(y)p(x) = — ^— -p(x). 
•/z, Jz p e* + 1 

From (22), we note that 

E n (x + y) = p^E k (x)y n - k . 
The Euler polynomials of order r are defined by the generating function to be 

(4i) ferrM^)* - * (^tt)'" - (^) v " -SX'mS- 

v ,. ' n=0 
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(r) / \ (r) 

In the special case, x — 0, E n (0) = E n are called the n-th Eulcr numbers of 
order r (r > 0), (see [1-19]). Let us take g r {t) = • Then we see that g r (t) 

is an invertible functional in T . By (41), we get 



(42) —r -re xt = Y E n r \x)—. 
1 ' 9 r (t) " >n\ 

Thus, we have 



(43) -L. x " =E P(x), tE n r \x) = ^ ) x n - 1 =nE n r l 1 (x). 

So, by (42), we see that E n r \x) is the Appell sequence for (j-^j ■ From (22), we 
have 



(44) E£\x + y) = Y:^)E n r l k (x)y k . 

It is easy to show that 
(45) 

/ •••/ e^+--^+^ M _ 1 (a ;i )..-rfM-i(^)=(^)> = f;^ r) ( a; )^. 

By (6) and (45), we get 

E^ = (f ■■■ f e^ + -^ t d»- 1 (x 1 )---d^ 1 (x r )\x n ), (n>0), 

(46) Jz p Jz p 

" v ' 

r — times 

and, by (10), 

([ ■■ f e^+- x ^ t d^ 1 (x 1 )---d^ 1 (x r )\x n ) 

(47) = E C •"• *) ( / e2:it ^-i(*i)k n >---</ e^-i(av)k"> 



n=iH h' 

n 



n=JiH hir 

From (46) and (47), we have 

(48) E + (,„.". .J*.--- 

n=iiH hi,- 

By (44) and (48), we see that E ( n r \x) is a monic polynomial of degree n with 
coefficients in Q. Let r G N. Then we note that 

9 (*) = -7 7 - {-^-) ■ 

(49) / ••• / e(^+- x r)td f i- 1 (x 1 )---d f i- 1 (x r ) 

J Z-n v Win 
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By (49), we get 



1 



(50) -^e xt = •••/ e^ + --^ t d^{x 1 )---dv-i{x r ) = Y,E%Xx)-. 
9 W Jz p Jz„ n=0 n - 

From (50), we have 

E^\x) = I ••• / (iH x r + x) n d^- 1 {x 1 )---d^- 1 {x r ) 



(51) 



/ ••• / e < - Xl+ '" Xr ') t dfi^i(xi) ■ ■ -dfi-i(x r 



r— times 

l „ 



9 r (t) ' 

Therefore, by (51), we obtain the following theorem. 
Theorem 2.3. For p(x) <E P and r E N. Then we have 

[ ■■■ I p(xi H x r + a;)rf/i-i(xi)---d/x-i(x r ) = ( r~r ) p(4 

Jz p Jz p Ve + J-/ 

S v ' 

r — times 

In particular, 

Ei r) (x)= (-A-)V= /" .../" e (»i+-^)* dAt _ l(a;i )... d/i _ l(!CT .) a; n - 

^ ~~ ' «/ Zp «/ Zp 

4 r) («)~( 



Jz p ' • • iz p e(^+-^)*d/i_i( a ;i) • • • d^ixr) ' 
Let us take the functional f r (t) such that 

, . (f r (t)\p(x)) = ■■■ p(iH x r )d/i_i(xi) • • -dn-i(x r ) 

(52) Jz p Jz p 

v ' 

r— times 

for all polynomials p(x). It can be determined from (8) to be 

k=0 



= ^ / ••• / {x\-\ x r ) fe <fyt_i(xi) • • -dfi-i(x r )^ 

(53) k=o {^p Jz p, 



r— times 



/ ••• / e^ + - x ^ t d f i- 1 (x 1 )---d f i. 1 (x r ) 



r— times 

Therefore, by (52) and (53) , we obtain the following theorem. 
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Theorem 2.4. For p(x) 6 P, we have 

( ■■ e {xi+ '" Xr)t d^L- 1 (x 1 ) ■ ■ ■ dfi-i(x r )\p{x)) = / ••• / p(xi+---x r )dfj,-i(xi)---dn-i(x r ). 

^^^^^^^^^^^ ^^^^^^^^^^^ 

r— times times 

Moveover, 
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